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A COMPACTIFICATION AND THE EULER
CHARACTERISTIC OF THE SPACES OF REAL
MEROMORPHIC FUNCTIONS
S. V. SHADRIN
Abstract. For any connected component H0 of the space of real
meromorphic function we build a compactification N(H0) of the
space H0. Then we express the Euler characteristics of the spaces
H0 and N(H0) in terms of topological invariants of functions from
H0.
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1. Introduction
1.1. Defenition of a RMF. Recall, that a real meromorphic func-
tion (RMF) is a triple (P, τ, f), where P is a compact Riemann sur-
face, τ : P → P is an antiholomorphic involution, and f : P → Ĉ
is a holomorphic map to the Riemann sphere Ĉ = C ∪ {∞}, s. t.
f(τ(z)) = (f(z)).
Each polynomial p(z) = a0 + a1z + · · ·+ anz
n with real coefficients
(ai ∈ R, i = 0, . . . , n) can be considered, for example, as a real mero-
morphic function (Ĉ, η, p), where η : z 7→ z is a standart involution on
the Riemann sphere.
partially supported by RFBR, grants 01-01-00660 and 00-15-96084.
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1.2. Space of RMFs. Denote by H the set of all real meromorphic
functions, i. e. the set of all possible triples (P, τ, f). The setH posseses
a natural structure of topological space. We recall it’s definition later.
The space H consists of the countable number of (arcwise) connected
components. Each component is a non-closed real manifold.
In [8, 9, 10] one can find the full topological classification of real
meromorphic functions. There are defined some integer topological
invariants of RMFs, s. t. each connected component of the space H is
uniquely defined by assignment of these invariants.
Consider a real meromorphic function (P, τ, f). The simplest exam-
ples of such invariants are degree n of the map f and genus g of the
curve P .
1.3. Compactification. For each connected component H0 of the
space H we build a compactification N(H0). Our construction is a
real analogue of the Natanzon-Turaev compactification [13].
The main idea is to represent a typical limit point of H0 by a simple
branched RMF endowed with a family of disjoint disks in the image. It
is just the idea of Natanzon and Turaev, but some refinements of the
real case make our definitions a little bit unwieldy.
The space N(H0) has a natural structure of CW-complex. A real
decorated function is a term that we use to call an element of the space
N(H0).
Although there are many constructions of compactifications of the
spaces of non-real meromorphic functions (see [2, 4, 7]), our work seems
to be the first one that contains compactifications of the spaces of
RMFs.
1.4. Expressions for topological characteristics. Consider a real
meromorphic function (P, τ, f). Let H0 be a connected component
contains the function (P, τ, f). The space N(H0) is a compactification
of H0.
Let us know all topological invariants of the function (P, τ, f).
Then there is a Riemann-Hurwitz formula for dimension: dimH0 =
dimN(H0) = 2g + 2n− 2.
In this paper we express the Euler characteristics χ(H0) and
χ(N(H0)) of the spaces H0 and N(H0) in topological inveriants of the
function (P, τ, f). Under the Euler characteristic of a non-compact
manifold H0 we understand the difference χ(H0) = χ(N(H0)) −
χ(N(H0) \H0) (the complement N(H0) \H0 is also a CW-comlex).
1.5. A way to compute the Euler characteristic. We compute
the Euler characteristics in two steps.
First we relate the Euler characteristics of the spaces H0 and N(H0)
with the multiplicity of the Lyashko-Looijenga map.
Recall, that the Lyashko-Looijenga map (LL), as it was called in [1],
associates to a real meromorphic function the unorder sequence of it’s
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critical values. A concept of the set of critical values can be naturally
defined also for real decorated functions.
Then, roughly speaking, the Euler characterisic of the manifold H0
(or of the CW-complex N(H0)) is equal to the number of real mero-
morphic (resp., real decorated) functions from H0 (resp., from N(H0))
with the set of critical values equals to {i,−i}.
The second step is to express the obtained multiplicity as a number.
1.6. Calculation of the Euler characteristics. The Euler charac-
teristic of a connected component is equal 0 or 1. We explain, how it
depends on topological invariants of RMFs.
For the Euler characteristic of a compactification we don’t have a
direct combinatorial formula. We express it as a number of certain
graphs. The structure of these graphs depends on topological invariants
of RMFs from the corresponding connected component.
1.7. Organization of the paper. The paper is organized as it fol-
lows:
sect. 2: We briefly formulate the results of [10] about topological
invariants of RMFs (as it was done in [12] for some other pur-
poses).
sect. 3: We define a construction of the compactification.
sect. 3: We define and study the Lyashko-Looijenga map.
sect. 4: We formulate and prove compactification theorems.
sect. 6, 7: We represent the Euler characteristic as the multiplicity
of the Lyashko-Looijenga map.
sect. 8-10: We calculate the Euler characteristics.
At the end of the almost all sections (except sections 5, 7 and 9)
there is a subsection contains an example. As a way of example we
always use one and the same connected component.
1.8. Acknowledgements. The author is grateful to S. M. Natanzon
for numerous helpful remarks and discussions.
2. Real meromorphic functions
2.1. Definition of a RMF. As we have already said, a real mero-
morphic function (RMF) is a triple (P, τ, f), where P is a compact
Riemann surface, τ : P → P is an antiholomorphic involution (i. e.,
(P, τ) is a real algebraic curve), and f : P → Ĉ is a holomorphic map
to the Riemann sphere Ĉ = C ∪ {∞}, s. t. f(τ(z)) = (f(z)).
Functions (P1, τ1, f1) and (P2, τ2, f2) are identified, iff there is a bi-
holomorphic map ϕ : P1 → P2, s. t. f1 = f2ϕ and ϕτ1 = τ2ϕ.
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2.2. Real algebraic curves. Consider a real algebraic curve (P, τ).
The set of real points of the curve (P, τ) is the set P τ of fixed points of
the involution τ . It consists of pairwise disjoint simple closed contours,
called ovals.
If P \P τ is a disconnected (connected) set, then the curve is said to
be separating (resp., non-separating).
The topological type of a curve (P, τ) is a triple of numbers (g, k, ε),
where g is the genus of P , k is the number of ovals, and ε is equal to
1 for separating curves and to 0 for non-separeting ones.
2.3. Functions on non-separating curves. Consider a function
(P, τ, f). Let c be an oval of the curve (P, τ). We can choose ori-
entations on the oval c and on the contour R̂ = R ∪ {∞} ⊂ Ĉ. Then,
since f(c) ⊂ R̂, one can define the degree of the map f |c : c→ R̂.
The index of the function (P, τ, f) on the oval c is an absolute value
of the degree of the map f |c : c → R̂. Evidently, the index doesn’t
depends on the choice of orientations.
The topological type of a real meromorphic function (P, τ, f) defined
on a non-separting curve is a tuple of numbers (g, n, 0|I), where (g, k, 0)
is the topological type of the curve (P, τ), n is the number of sheets
of the covering f , and I = (i1, . . . , ik) are the indices of the function
(P, τ, f) on the ovals of the curve (P, τ).
We denote by H(g, n, 0|I) the set of all RMFs of topological type
(g, n, 0|I).
Theorem A. [8, 10] The set H(g, n, 0|I) is not empty, iff 0 ≤ k ≤ g;∑k
j=1 ij ≤ n − 2; and
∑k
j=1 ij ≡ n (mod 2). In this case H(g, n, 0|I)
is a connected real manifold of dimension 2(g + n− 1).
2.4. Functions on separating curves. Consider a function (P, τ, f)
defined on a separating curve.
We fix orientation on the sphere Ĉ and on the surface P as on a
complex manifold. Also we fix orientation on the contour R̂ as on the
boundary of the upper hemisphere (R̂ = ∂Λ, Λ = {z ∈ Ĉ, Im z > 0}).
Then we can choose a connected component P1 of the complement
P \P τ . The orientation of the surface P1 induces an orientation on it’s
boundary P τ = ∂P1.
Since f(P τ) ⊂ R̂, it is possible to define the degrees I = (i1, . . . , ik)
of the function (P, τ, f) on the ovals of the real curve (P, τ).
The tuple of degrees is defined up to the simultaneous change
of the signs of all degrees, i. e. up to the substitution I → −I,
(i1, . . . , ik) → (−i1, . . . ,−ik). It is related to the arbitrariness of the
choise of a connected component of P \ P τ
The topological type of a real meromorphic function (P, τ, f) defined
on a separting curve is a tuple of numbers (g, n, 1|I), where (g, k, 1) is
the topological type of the curve (P, τ), n is the number of sheets of the
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covering f , and I = (i1, . . . , ik) is the tuple of degrees of the function
(P, τ, f) on the ovals of the curve (P, τ).
The topological type is defined up to the substitution (g, n, 1|I) 7→
(g, n, 1|−I). The topological type (g, n, 1|I) is said to admit extension,
if |
∑k
j=1 ij | <
∑k
j=1 |ij | = n− 2.
We denote by H(g, n, 1|I) the set of all RMFs of topological
type (g, n, 1|I). It follows from our definitions, that H(g, n, 1|I) =
H(g, n, 1| − I).
Theorem B. [9, 10] The set H(g, n, 1|I) is not empty, iff 1 ≤ k ≤
g + 1; k ≡ g + 1 (mod 2);
∑k
j=1 ij ≡ n (mod 2); and one of the
following conditions is valid:
1. n = 1, g = 0, i1 = ±1;
2. n = 2, k = g + 1, i1 = · · · = ik = 0;
3. n ≥ 2, |
∑k
j=1 ij | =
∑k
j=1 |ij | = n, ij 6= 0;
4. n ≥ 3,
∑k
j=1 |ij| ≤ n− 2.
If the set H(g, n, 1|I) is non-empty and the topological type (g, n, 1|I)
admits no extension, then H(g, n, 1|I) is a connected real manifold of
dimension 2(g + n− 1).
2.5. Extended topological type. Now suppose that the topological
type (g, n, 1|I) admits extension and H(g, n, 1|I) is a non-empty set.
For every function (P, τ, f) ∈ H(g, n, 1|I) we consider the connected
component H0 of H(g, n, 1|I) containing (P, τ, f). Then there is a
function (P ′, τ ′, f ′) ∈ H0 s. t. P
′∩f ′−1(Λ) is a connected surface. Here
P ′ is a connected component of P ′\(P ′)τ
′
used to define the topological
type (g, n, 1|I) and Λ ⊂ Ĉ is the upper hemisphere.
The extended topological type of the function (P, τ, f) ∈ H(g, n, 1|I)
is defined as the tuple of numbers (g, n, 1|I, ξ), where ξ is the genus of
P ′ ∩ f ′−1(Λ). It can be proved that the extended topological type is
well defined to within the change (g, n, 1|I, ξ) 7→ (g, n, 1|−I, g−k+1
2
−ξ).
We denote by H(g, n, 1|I, ξ) the subset of H(g, n, 1|I) consisting of
all RMFs of extended topological type (g, n, 1|I, ξ). It follows from our
definitions, that H(g, n, 1|I, ξ) = H(g, n, 1| − I, g−k+1
2
− ξ).
Theorem C. [9, 10] The set H(g, n, 1|I, ξ) is non-empty, iff 0 ≤ ξ ≤
(g − k + 1)/2. In this case H(g, n, 1|I, ξ) is a connected manifold of
dimension 2(g + n− 1).
2.6. Example. Now we show an expamle of a connected component.
Consider real meromorphic functions (Ĉ, η, fλ), λ ∈ Λ, Λ = {z ∈
Ĉ, Im z > 0}. Here η : z 7→ z is a standart involution, and fλ is a
two-sheets real covering of Ĉ by Ĉ with two simple critical values, λ
and λ.
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The set of such RMFs is a connected component of the space of real
meromorphic functions. It’s easy to see, that in our notations this set
is denoted as H(0, 2, 1|(2)).
The map (Ĉ, η, fλ) 7→ λ is a homeomorphism H(0, 2, 1|(2))→ Λ. So
the space H(0, 2, 1|(2)) is homeomorphic to an open disk.
3. Construction of compactification
3.1. Introduction. Suppose that H0 is one of connected compo-
nents we discribe in section 2, i. e. either H0 = H(g, n, 0|I), or
H0 = H(g, n, 1|I) and the topological type (g, n, 1|I) admits no ex-
tension, or H0 = H(g, n, 1|I, ξ).
In this section we build a space N0 compactifying H0.
Below, in the section 5, we prove that N0 is a compact and Hausdorff
space. Also we prove there that N0 is a compactification of H0.
3.2. Real decorated functions. A real decorated function is a quin-
tuple (P, τ, f, E, {De}), where
1. (P, τ, f) ∈ H0 is a real meromorphic function with 2(g + n − 1)
critical values (i. e. all critical values of the covering f are simple).
2. E is a finite subset of Ĉ, s. t.
(a) η(E) = E, η : z 7→ z,
(b) the set E contains no critical values of (P, τ, f).
3. {De} is a set of pairwise disjoint closed disks, numerated by the
elements e of the set E, s. t.
(a) e ∈ Int De,
(b) each disk De contains at least two critical values of the func-
tion (P, τ, f),
(c) there are no critical values of (P, τ, f) on the boundaries of
the disks De, e ∈ E,
(d) if η(e) = e′, then η(De) = De′.
No that the set E in the definition of a real decorated function can
be empty. In this case one can understand a real decorated function as
just a RMF with simple critical values.
Informally, a decorated function (P, τ, f, E, {De}) should be thought
of as a limit of real meromorphic functions obtained from (P, τ, f) by
making all the critical values inside every disk De tend to the point e.
3.3. Revision of the definition of a RMF. We want to define some
equivalence relations for real meromorphic functions. For this purpose
we need to specify our notations.
Now we consider a real meromorphic function (P, τ, f) as a covering
f : Sg → Ĉ where Sg is a fixed genus g two-dimensional closed real
manifold.
By P we understand a complex structure on Sg. The involution τ is
an involution of Sg, antiholomorphic w. r. t. the complex structure P .
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The covering f satisfies the condition fτ = ηf . The complex structure
P is uniquely defined by the covering f [5].
We reformulate the coinsiding condition. Two functions, (P1, τ1, f1)
and (P2, τ2, f2), are coinside, if there is a homeomorphism ϕ : Sg → Sg,
s. t. f1 = f2ϕ and ϕτ1 = τ2ϕ.
3.4. Equivalence relations. Two real decorated functions are equiv-
alent if one of them is obtained from the other using a composition of
the maps Aα and Bβ that we describe below.
The map Aα : (P0, τ0, f0, E, {De}) 7→ (P1, τ1, f1, E, {De}) is defined
by a path α : [0, 1] → H0, α : t 7→ (Pt, τt, ft), s. t. on the set f
−1
0 (Ĉ \⋃
e∈E De) ⊂ Sg the complex structure, the involution and the covering
are fixed.
The map Bβ : (P0, τ0, f0, E, {D
0
e}) 7→ (P1, τ1, f1, E, {D
1
e}) is defined
by an isotopy {βt : Ĉ → Ĉ}t∈[0,1] of the identity homemorphism of the
sphere Ĉ (i. e., β0 = idĈ). All βt, t ∈ [0, 1], satisfy the following
conditions:
1. ηβt = βtη,
2. points of the set E are fixed points of βt,
3. critical values of (P0, τ0, f0) belong to Ĉ\
⋃
e∈E D
0
e are fized points
of βt,
4. Dte = βt(D
0
e) for all e ∈ E,
5. the covering ft : Sg → Ĉ is coinside with βtf0,
6. Pt is just a deformation of the complex structure defined by the
deformation of the covering,
7. the involution τt : Sg → Sg is coinside with τ0.
3.5. The topology of the space of RMFs. Now we recall the topol-
ogy of the space of real meromorphic functions defined on genus g
curves.
A sequence (Pn, τn, fn) tends to a point (P, τ, f), if there are a se-
quence (P ′n, τ
′
n, f
′
n) and a point (P
′, τ ′, f ′), coinsiding (in the sense of
our definitions) with (Pn, τn, fn) and (P, τ, f1) resp., s. t. f
′
n → f
′ as
coverings Sg → Ĉ and τ
′
n → τ
′ as involutions of Sg.
3.6. The topology of the space of real decorated functions. De-
note by N0 the set of all equivalence classes of real decorated functions.
Now we define a topology of the space N0.
An open neighbourhood of a point x ∈ N0 can be defined by the
following data:
1. a decorated function (P, τ, f, E, {De}) from the equivalence class
x;
2. a set of pairwise disjoint closed disks {Bl ⊂ Ĉ \
⋃
e∈E De} s. t.
(a) each disk Bl contains exactly one critical value of (P, τ, f),
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(b) if critical value of (P, τ, f) lies in Ĉ \
⋃
e∈E De, then it belongs
to a disk Bl,
(c) the real condition for the disks Bl is valid: η(
⋃
Bl) =
⋃
Bl.
The corresponding neighbourhood of the point x ∈ N0 consists of equiv-
alence classes of real decorated functions (P ′, τ ′, f ′, E ′, {De′}) s. t.
1.
⋃
e′∈E′ De′ ⊂
⋃
e∈E De;
2. the covering f ′ can be represented as a composite f ′ = ψfα, where
(a) ψ is a homeomorphism of the sphere Ĉ,
(b) ηψ = ψη,
(c) ψ is identity outside of
⋃
Bl ∪
⋃
e∈E De,
(d) (Pα, τα, fα, E, {De}) = Aα((P, τ, f, E, {De})) for some (arbi-
trary) α.
Here P ′ is defined by the covering f ′. The involutions τ ′ and τα are
coinside as involutions of Sg.
A subset X ⊂ N0 is open, if for any point x ∈ X there is an open
neighbourhood U(x) of x s.t. U(x) ⊂ X .
Using the same arguments as in [13], one can prove that open subsets
define a topology on the space N0.
3.7. Notations. If H0 = H(g, n, 0|I) (H(g, n, 1|I), H(g, n, 1|I, ξ),
then we denote N0 as N(g, n, 0|I) (resp. N(g, n, 1|I), N(g, n, 1|I, ξ).
3.8. Example. A natural compactifications of the open disk Λ = {z ∈
Ĉ, Im z > 0} is the closed disk (Λ) = {z ∈ Ĉ, Im z ≥ 0}.
We show, that there is a homeomorphism N(0, 2, 1|(2))→ C(Λ).
Really, when H0 = H(0, 2, 1|(2)), then a real decorated function with
a non-empty set E is just a function (Ĉ, η, fλ, {µ}, {Dµ}), where µ ∈ R̂
and λ ∈ Dµ. Two such functions are equivalent, iff the point µ is the
same for both of them.
A homeomorphism N(0, 2, 1|(2))→ C(Λ) is defined by the formulas:
(Ĉ, η, fλ, {µ}, {Dµ}) 7→ µ, (Ĉ, η, fλ, ∅, ∅) 7→ λ.
4. Lyashko-Looijenga map
4.1. Stratification of RPm. We denote by Πm the space of real tuples
of m unordered not necessary distinct points of Ĉ. A tuple (r1, . . . , rm)
is real, if (η(r1), . . . , η(rm)) is the same tuple, η : z 7→ z. An example of
a real tuple of four points is (i, i,−i,−i). Obviously, one can identify
Πm ∼= RPm.
We represent Πm as a union of disjoint submanifolds. Let P =
(p1, . . . , pr) and Q = (q1, . . . , qs) be non-decreasing positive integer se-
quences, possibly empty, s. t. m =
∑r
j=1 pj +2
∑s
j=1 qj . We denote by
Π(P |Q) the set of tuples consist of r ≥ 0 pairwise distinct points of R̂,
s ≥ 0 pairwise distinct points of Λ = {z ∈ Ĉ, Im z > 0} and also s
points of η(Λ), conjugated to those of Λ. Here we get points of R̂ with
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multiplicities p1, . . . , pr and points of Λ and η(Λ) with multiplicities
q1, . . . , qs.
A set Π(P |Q) is a submanifold of Πm. Dimension of Π(P |Q) is equal
to r + 2s. Π(P |Q) is not necessary connected.
Obviously, Πm =
⊔
Π(P |Q).
4.2. Lyashko-Looijenga map on N0. Consider a connected com-
ponent H0, that contains n-sheeted functions on genus g curves. Let
N0 be the corresponding space of equivalence classes of real decorated
functions
The Lyashko-Looijenga map ll : N0 → Π
2(n+g−1) associates to a real
decorated function (P, τ, f, E, {De}) the tuple of points, consists of
critical values of (P, τ, f) lie in Ĉ \
⋃
e∈E De and of points e ∈ E with
multiplicities equal to the number of critical values of (P, τ, f) lie in
De.
Lemma 4.1. The Lyashko-Looijenga map is continuous.
Lemma 4.2. The restriction of the Lyashko-Looijenga map to the
preimage of any connected component of any submanifold Π(P |Q) is
a finite-sheeted non-ramified covering.
4.3. Lyashko-Looijenga map on H0. A map llH : H0 → Π
2(g+n−1)
associates to a real meromorphic function the tuple of it’s critical values
(w. r. t. multiplicities) is also called the Lyashko-Looijenga map.
Lemma 4.3. The map llH is continuous.
Lemma 4.4. The restriction of the map llH to the preimage of any
connected component of any submanifold Π(P |Q) is a finite-sheeted
non-ramified covering.
4.4. Some words about proves. All lemmas of this section are evi-
dently follow from our defenitions.
4.5. Example. Let H0 = H(0, 2, 1|(2)). Then the Lyashko-Looijenga
map ll : N(0, 2, 1|(2))→ Π2 is as follow:
(Ĉ, η, fλ, {µ}, {Dµ}) 7→ (µ, µ), (Ĉ, η, fλ, ∅, ∅) 7→ (λ, λ).
We represent Π2 as a union of submanifolds Π(P |Q):
Π2 = Π(2|∅) ⊔ Π(1, 1|∅) ⊔Π(∅|1).
In our case the map ll is a one-sheeted covering over Π(∅|1) and Π(2|∅)
and a zero-sheeted covering Π(1, 1|∅).
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5. Compactification theorems
5.1. Properties of N0. The following theorem is proved using the
same arguments as it’s complex analogue in [13].
Theorem 5.1. N0 is a compact and a Hausdorff space.
The sketch of the proof. To proof that N0 is a Hausdorff space we just
need to build disjoint neighbourhoods of two arbitrary points x, y ∈ N0
s. t. ll(x) = ll(y). It’s easy to do it using lemmas 4.1 – 4.2.
Compactness is proved by selection a convergent subsequence in an
arbitrary sequence of points of N0. Using lemma 4.1 and the fact that
Π2(g+n−1)is a compact space, we find an ll-image of a limit point. Then
from the lemma 4.2 it follows the existence of the limit point.
5.2. Embedding H0 → N0. Now we discribe an embedding of H0 to
N0. Denote by H
∗
0 a subspace of H0, consists of all functions with
simple critical values. Obviously, H∗0 is an open and an everywhere
dense subspace of H0. The map C
∗ : H∗0 → N0 associate to a function
(P, τ, f) the decorated function (P, τ, f, ∅, ∅).
Theorem 5.2. 1. The map C∗ is a continuous embeddingH∗0 → N0.
2. There is a continuous extension of the map C∗ to the map
C : H0 → N0.
3. The map C is a continuous embedding H0 → N0.
4. The image C(H0) is an open and an everywhere dense subspace
of N0.
The sketch of the proof. From our definitions it follows that C∗ is a
continuous map.
Now we construct the map C : H0 → N0 – the continuous extension
of the map C∗.
Let (P0, τ0, f0) ∈ H0 be a function with non-simple critical values.
Denote by E the set of it’s non-simple critical values. Evidently, η(E) =
E. Let us choose pairwise disjoint closed disks {De}e∈E s. t. e ∈ De, De
doesn’t contain any other critical values of (P0, τ0, f0) and if η(e) = e
′,
then η(De) = De′.
We define : (P0, τ0, f0) 7→ (P1, τ1, f1, E, {De}), where (Pt, τt, ft), t ∈
[0, 1], is an arbitrary path in the space H0 s. t. on the set f
−1(Ĉ \⋃
e∈E De) ⊂ Sg complex structure, involution and covering are fixed
and all critical values of (P1, τ1, f1) are simple.
From the definition of equvalence relations of decorated functions it
follows, that the map C is well defined. It is also obvious that C is a
continuous map and C|H∗
0
= C∗. The statement, that the image C(H0)
is an open and an everywhere dense subspace of N0 one can obtain just
from the definition of the topology of N0.
5.3. Two Lyashko-Looijenga maps. Now we have two Lyashko-
Looijenga maps on H0: the map llH and the map ll ◦ C. Obviously,
these maps are coinside, llH ≡ ll ◦ C.
6. The Euler characteristic via LL-multiplicity – I
6.1. A theorem on the Euler characteristic. Denote by Π0 the
submanifold Π(P0|Q0) of Π
2(g+n−1), where P0 = ∅, Q0 = (g + n − 1).
It means that Π0 is a submanifold of tuples consist of two conjugated
points with multiplicity g + n− 1. Obviously, Π0 is homeomorphic to
an open disk.
Consider a connected component H0 containing n-sheeted functions
on genus g curves. Let N0 be it’s compactification.
Theorem 6.1. The Euler characteristic χ(N0) of the space N0 is equal
to the multiplisity of the Lyashko-Looijenga map ll : N0 → Π
2(g+n−1)
restricted to the preimage of Π0.
The Euler characteristic χ(H0) of the space H0 is equal to the mul-
tiplisity of the Lyashko-Looijenga map llH : H0 → Π
2(g+n−1) restricted
to the preimage of Π0.
A proof of this theorem one can find in the next section.
6.2. Some corollaries. The following corollaries of the Theorem 6.1
are obvious.
Corollary 6.1. Let g+n−1 > 1. Then the Euler characteristic of the
space N0 is equal to the number of non-equivalent decorated functions
(P, τ, f, E, {De}) ∈ N0 s. t. E = {i,−i}, D±i = {z||z ∓ i| ≤ 1/2} and
all critical values of (P, τ, f) lie in Di ∪D−i.
The conditions g+ n− 1 > 1 is related with our requirement (in the
definition of a decorated function) for each disk De to contain at least
two critical values.
Corollary 6.2. The Euler characteristic of the space H0 is equal to
the number of RMFs (P, τ, f) ∈ H0 with only two critical values: i and
−i.
It’s obvious, that such real meromorphic functions exist only if genus
is equal to zero. But we discuss it later.
6.3. Example. The example is the space H(0, 2, 1|(2)). We know
that this space is homeomorphic to an open disk. It’s compactifi-
cation is homeomorphic to a closed disk. Hence, χ(H(0, 2, 1|(2))) =
χ(H(0, 2, 1|(2))) = 1.
The corresponding multiplicities of the Lyshko-Looijenga map we
calculate in the subsection 4.5, and they also are equal to 1.
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7. The Euler characteristic via LL-multiplicity – II
In this section we prove the Theorem 6.1.
7.1. Represetation of N0 as a union of cells – I. First we represent
the space Π2(g+n−1) as a union of disjoint open balls.
Let Π be a connected component of Π(P |Q) ⊂ Π2(g+n−1), P =
(p1, . . . , pr), Q = (q1, . . . , qs).
Obviously, there is a finite-sheeted non-ramified covering Π →
Π(P ′|Q′) ⊂ Πr+2s, P ′ = (1, . . . , 1) (r times ”1”), Q′ = (1, . . . , 1) (s
times ”1”).
Let us build a cell decomposition of Π(P ′|Q′). Obviously, Π(P ′|Q′)
is homeomorphic to W r(R̂) ×W s(Λ). Here we denote by W k(X) the
space of k-tuples of pairwise disjoint points of X . Hence we must build
only cell decompositions of W r(R̂) and W s(Λ).
7.2. Cell decompositions of W r(R̂) and W s(Λ). The space W k(R̂)
we represent as a union of two cells. One of them has dimension k and
consists of tuples (x1, . . . , xk) s. t. xi 6= ∞, i = 1, dots, k. One can
consider numbers x1, . . . , xk ∈ R with relation x1 < · · · < xk as coordi-
nates on this cell. The second cell has dimension k − 1 and consists of
tuples (x1, . . . , xk−1,∞). One can consider numbers x1, . . . , xk−1 ∈ R
with relation x1 < · · · < xk−1 as coordinates on this cell.
To build the cell decomposition of W k(Λ) we need some new nota-
tions. Let z1, z2 ∈ Λ. The record z1 ≺ z2 means, that Re z1 < Re z2.
The record z1 4 z2 means, that Re z1 = Re z2 and Im z1 < Im z2.
Each cell consists of tuples (z1, . . . , zk) s. t. coordinates on the cell
are the numbers (Re z1, Im z1, . . . ,Re zk, Im zk) with a relation of the
type z1 ∗ z2 ∗ · · · ∗ zk, where the sign ”∗” is either ≺ or 4.
So, W k(Λ) is represented as a union of 2k−1 cells.
7.3. Represetation of N0 as a union of cells – II. We have the cell
decompositions of the spacesW r(R̂) andW s(Λ). Their product give us
the cell decomposition of Π(P ′|Q′). We can lift this cell decomposition
to Π(P |Q). We obtain the cell decomposition of Π2(g+n−1). Then, using
Lemma 4.2, we represent the space N0 as a union of disjoint cells.
The cell decompositions we build doesn’t give us the CW-copmlex
structure on the spaces Π2(g+n−1) and N0. But to compute the Euler
characteristic we need onle an arbitrary representation of the space as
a union of disjoint open balls.
An example of the cell decomposition of such space in a particular
case one can find in [3].
The next Lemma is evident:
Lemma 7.1. Each cell of the cell decomposition we have build is either
a subset of C(H0) or a subset of N0 \ C(H0). No cell intersects both
C(H0) and N0 \ C(H0).
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7.4. A proof of Theorem 6.1.
A proof of Theorem 6.1. To prove Theorem 6.1 we just must show
(here we use Lemma 4.2), that the Euler characteristics of all con-
nected components of all submanifolds Π(P |Q), except Π0, are equal
to zero.
By the Euler characteristic we understand here the alternated sum
of the numbers of cells we have build.
Hence we need only to prove that the Euler characteristic of any
submanifold Π(P ′|Q′), except Π0 ⊂ Π
2, is equal to zero. Really, if
P ′ 6= ∅ (i. e., r > 0), then χ(Π(P ′|Q′)) = 0, since χ(W k(R̂)) = 0. So
we consider the case r = 0 and s ≥ 2. Then Π(P ′|Q′) = W s(Λ). There
are 2s−1 cells in the cell decomposition of W s(Λ). The dimension of
a cell one can compute using formula dim = 2 + 2(≺) + (4), where
(≺) and (4) are the numbers of corresponding signs in the relation
that defines the cell. So, the Euler characteristic χ(W s(Λ)) is equal to(
c−1
0
)
−
(
c−1
1
)
+
(
c−1
2
)
− · · · ±
(
c−1
c−1
)
= (1− 1)c−1 = 0.
From the foregoing we obtain our theorem, since χ(Π0) = 1.
8. The Euler characteristic of connected components
8.1. Theorems. Denote by H1 a connected component H(g, n, 0|I).
Theorem 8.1. If g = 0, then χ(H1) = 1. If g 6= 0, then χ(H1) = 0.
Consider a connected component H2 = H(g, n, 1|I) (the topological
type (g, n, 1|I), I = (i1, . . . , ik), doesn’t admit extension). Recall, that
if g = 0, then k = 1 and I = (i1).
Theorem 8.2. If g = 0 and |i1| = n, then χ(H2) = 1. In any other
case χ(H2) = 0.
Denote by H3 a connected component H(g, k, 1|I, ξ).
Theorem 8.3. Independently of topological invariants χ(H3) = 0.
Proofs of Theorems 8.1-8.3. Consider a connected component H0 of
the space of real meromorphic functions.
From the construction of the mapK (Theorem 5.2) and Corollary 6.2
it follows, that the Euler characteristic of the space H0 is equal to the
number of functions (P, τ, f) ∈ H0 with only two critical values, i and
−i.
Consider such function. Since it has only one critical value in the
disk Λ = {z ∈ C|Im z > 0}, any connected component of the preimage
of Λ is a disk. The same is true for η(Λ) = {z ∈ C|Im z < 0}. Hence,
the genus of the surface P is equal to zero. Also it means, that the
preimage of the contour R̂ is connected.
Obviously, each connected component H0 contains at least one such
function. H0 contains exactly one such function, iff g = 0, and either
ε = 0, or |i1| = n. From this our Theorems follow.
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8.2. Example. We use Theorem 8.2 to study our usual example, the
space H(0, 2, 1|(2)). We obtain, that χ(H(0, 2, 1|(2))) = 1.
9. The Euler characteristic in non-separating case
Denote by N1 the compactification N(g, n, 0|I), I = (i1, . . . , ik). To
express the Euler characteristic χ(N1) of the space N1 in general case
we need non-sparating graphs. In the definition of a non-separating
graph we suppose that all indices ij are non-zero (or there are no of
them, i. e. k = 0, I = ()).
A non-separating graph consists of the following data:
1. A bipartited graph with signs on vertexes and edges:
(a) The set of vertexes V = Vw⊔Vb. This set is a disjoint union of
two subsets with the same cardinalities (|Vw| = |Vb|). Vertexes
from Vw (from Vb) we suppose to be painted in white (resp.,
black) color.
(b) The set of edges E. Each edge connects vertexes of different
colors. The graph (V,E) is connected.
(c) A function ζV : V → N ∪ {0}. We require the following: g =
k + |E| − |V |+ 1 +
∑
v∈V ζV (v).
(d) A function ζE : E → N. The following must be valid: n =∑
e∈E ζE(e)−
∑k
j=1 ij .
2. A structure of root vertexes and edges:
There are fixed subsets of root vertexes V rw ⊂ Vw, V
r
b ⊂ Vb.
There are exactly k root vertexes of each color. The function ζV
vanishes on all root vertexes.
Each root vertex has exactly one edge outgoing from it. We
denote by Erw (E
r
b ) the set of edges outgoing of root vertexes of
the white (resp., black) color. The function ζE restricted to E
r
w
and Erb give us isomorphisms E
r
w → I and E
r
b → I of the sets E
r
w
and Erb and the tuple of indices I = (i1, . . . , ik).
3. An automotphism γ of the graph (V,E):
(a) The automorphism γ change colors of all vertexes.
(b) ζV ◦ γ = ζV , ζE ◦ γ = ζE.
(c) On the edges that are fixed w. r. t. the automorphism γ, the
function ζE gets even values.
(d) The automorphism γ sends root vertexes to root vertexes.
As a way of example to this definiton we discribe the unique non-
separating graph for the space N(1, 3, 0|(1)): V = {v−2, v−1, v1, v2},
Vw = {v−2, v1}, Vb = {v−1, v2}, V
r
w = {v−2}, V
r
b = {v2}, E =
{(v−2, v−1), (v−1, v1), (v1, v2)}, E
r
w = {(v−2, v−1)}, E
r
b = {(v1, v2)},
ζV ≡ 0, ζE(E
r
w,b) = 1, ζE((v−1, v1)) = 2, γ(vi) = v−i.
Theorem 9.1. If k > 0 and at least one of the indices ij is equal to
zero, then χ(N1) = 0. In any othe case the Euler characteristic χ(N1)
is equal to the number of different non-separating graphs.
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Proof. Consider a non-empty space H1 = H(g, k, 0|I)
Let the topological type (g, k, 0|I) contain zero index. Then for any
decorated function (P, τ, f, E, {De}) ⊂ N1 = N(H1) we obtain the
following: either function (P, τ, f) has a real critical value in Ĉ\
⋃
De, or
the set E contains a real point, or both statements are true. Hence, the
image of the Lyashko-Looijenga map doesn’t contains the submanifold
Π0. Then, using Theorem 6.1, we conclude that χ(N1) = 0.
Now we suppose that all indices ij of the topological type (g, k, 0|I)
are non-zero (or there are no of them, i. e. k = 0, I = ()). Then the
space N1 contains functions that described in Corollary 6.1.
To each decorated function (P, τ, f, E, {De}) s. t. E = {i,−i},D±i =
{z||z∓ i| ≤ 1/2} and all critical values of (P, τ, f) are in the disks D±i,
we associate a non-separating graph.
We choose an arbitrary function (P, τ, f) that defines an equvalence
class of (P, τ, f, E, {De}). We cut the surface P along ovals. Then we
glue all holes we obtain using disk coverings of the disks Λ and η(Λ),
s. t. the result is a real meromorphic function (P ′, τ ′, f ′). Obviously,
the topological type of (P ′, τ ′, f ′) is equal to (g − k, n+
∑k
j=1 ij, 0|I
′),
I ′ = ().
To each connected component of f−1(Λ) (f−1(η(Λ))) we associate a
white (resp., black) vertex with the value of ζV equals to the genus of
this component. The root vertexes are obtaind from the glueing disks.
To each component of f−1(R̂) we associate an edge with the value of
ζE equals to the number of sheetes of the covering of the contour R̂ by
this component. An edge outgoes from a vertex if the corresponding
components of the surface P ′ are bounded.
The automorphism of the graph is generated by the involution τ ′.
It’s easy to see that the graph we build is non-separating.
Lemma 9.1. We associate to non-equivalent decorated functions dif-
ferent non-separating graphs. Each non-separating graph can be ob-
tained as the graph of a function.
Proof. The second statement of the Lemma one can prove by direct
construction. The first statement of the Lemma is an obvious corollary
of Lemma 9.2 which you can see below.
See also [11]. There are the standart arguments that allow one to
prove this Lemma are written in details.
Consider two n-sheeted coverings f1, f2 : U → D of a disk D by a
connected surface U with only simple critical values. Let f1 and f2 be
topologically equvalent over the boundary of D.
Lemma 9.2. There are homeomorphisms ϕ : U → U and ψ : D → D
s. t. ψf1 = f2ϕ.
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This Lemma is a corollary of results [8, 10, 6] on the topological
classification of coverings of the sphere Ĉ with one non-simple critical
value.
Let us finish the proof of the Theorem. From Lemma 9.1 it follows,
that the number of functions discribed in Corollary 6.1 is equal to the
number of non-separating graphs. Hence the Euler characteristic of the
space N(g, k, 0|I) is equal to the number of non-separating graphs.
10. The Euler characteristic in separating case
10.1. The topological type doesn’t admit extension. Denote
by N2 a compactification N(g, n, 1|I) (the topological type (g, n, 1|I),
I = (i1, . . . , ik), doesn’t admit extension). To express the Euler char-
acteristic χ(N2) of the space N2 in general case we need separating
graphs. In the definition of the separating graph we suppose that all
degrees ij are non-zero.
A separating graph consists of the following data:
1. A bipartite graph with signs on vertexes and edges:
(a) The set of vertexes V = Vw ⊔ Vb. This set is a disjoint union
of two subsets (not necessary with the same cardinalities).
Vertexes from Vw (from Vb) we suppose to be painted in white
(resp., black) color.
(b) The set of edges E. Each edge connects vertexes of different
colors. The graph (V,E) is connected.
(c) The function ζV : V → N ∪ {0}. We require the following:
g = (k − 1) + 2(|E| − |V |+ 1) + 2
∑
v∈V ζV (v).
(d) The function ζE : E → N. The following must be valid: n =
2
∑
e∈E ζE(e)−
∑k
j=1 |ij |.
2. The structure of root vertexes and edges:
There are fixed subsets of root vertexes V rw ⊂ Vw, V
r
b ⊂ Vb. We
have exactly k root vertexes at all. The number of root vertexes
of white (black) color is equal to the number of negative (resp.,
positive) degrees ij in the tuple I = (i1, . . . , ik). The functions ζV
vanishes on all root vertexes.
Each root vertex has exactly one edge outgoing from it. We de-
note by Er the set of edges outgoing from root vertexes. We define
the function ζR on the set Er: in an edge e ∈ E
r outgoes from the
root vertex of white (black) color, then we put ζR(e) = −ζE(e)
(resp., ζR(e) = ζE(e)). The function ζR must be an isomorphism
of the set Er and the tuple of degrees I = (i1, ..., ik).
As a way of example to this definition we discribe the unique sepa-
rating graph for the space N(1, 3, 1|(1, 2)): V = {v0, v1, v2}, Vw = {v1},
V r = Vb = {v0, v2}, E = E
r = {(v0, v1), (v1, v2)}, ζV ≡ 0.
Theorem 10.1. If |
∑k
j=1 ij | = n, then χ(N2) = 1. If at least one of
the degrees ij is equal to zero, then χ(N2) = 0. If
∑k
j=1 |ij | ≤ n − 2
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and ij 6= 0, then the Euler characteristic of the space χ(N2) is equal to
the number of separating graphs.
Proof. If one of the degrees ij is equal to zero, then χ(N2) = 0 by the
same arguments as in the proof of Theorem 9.1.
Let all degrees ij be non-zero. Then we associate a separating graph
to each decorated function (P, τ, f, E, {De}) ∈ N2 s. t. E = {i,−i},
D±i = {z||z ∓ i| ≤ 1/2} and all critical values of (P, τ, f) are in the
disks D±i.
We choose an arbitrary function (P, τ, f) that defines an equva-
lence class of (P, τ, f, E, {De}). Let P1 be the connected component
of the complement P \ P τ that we used to define the topological type
(g, k, 1|I). We cut out along ovals the other part of the curve P . Then
we glue all holes in P1 using disk coverings of Λ and η(Λ). Thus we
obtain a meromorphic function, now not a real one. Denote by P ′1 the
surface that we obtain.
To each connected component of f−1(Λ) ∩ P1 (f
−1(η(Λ)) ∩ P1) we
associate a white (black) vertex with the value of ζV equals to the
genus of the component. Root vertexes we obtain from the glueing
disks. To each component of f−1(R̂) ∩ P1 we associate an edge with
the value of ζE equals to the number of sheets of the covering of the
contour R̂ by this component. An edge outgoes from the vertex, iff the
corresponding components of the surface P ′1 are bounded. Root edges
and the isomorphism ζR we obtain from the tracks of oval on P
′
1.
It’s easy to see that the graph we have build is separating.
Lemma 10.1. To non-equvalent decorated functions we associate non-
equivalent separating graphs. Each separating graph can be obtained as
the graph of a function.
Proof. The first statement is a corollary of Lemma 9.2. The second
statement one can prove by direct constructon.
Now we prove the third statement of the Theorem. From Lemma 10.1
it follow, that the number of functions discribed in Corollary 6.1 is equal
to the number of separating graphs. Hence the Euler characteristic of
the space N2 is equal to the number of separating graphs.
If |
∑k
j=1 ij| = n, then it’s easy to see that there is a unique separating
graph.
10.2. The topological type admits extension. Denote by N3 the
compactification N(g, n, 1|I, ξ), I = (i1, . . . , ik).
Theorem 10.2. If one of the degrees ij is equal to zero, then χ(N3) =
0. In any other case χ(N3) = 1.
Proof. If one of the degrees ij is equal to zero, then χ(N3) = 0 by
the same arguments as in the proof of Theorem 9.1. In any other
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case we just must show, that there is a unique decorated function in
N3 = N(g, k, 1|I, ξ) satisfying conditions of Corollary 6.1.
Consider a function (P, τ, f) ∈ H(g, k, 1|I, ξ). Suppose that it has no
critical values on the contour R̂. Let P1 be the component of the com-
plement P \P τ , that we used to define the topological type (g, k, 1|I, ξ).
Lemma 10.2. f−1(Λ)
⋂
P1 and f
−1(η(Λ))
⋂
P1 are connected sur-
faces.
Is lemma is proved in [10] as a little bit different statement.
From Lemmas 9.2 and 10.2 it follows, that there is a unique function
in N3 = N(g, k, 1|I, ξ) satisfying conditions of Corollary 6.1.
10.3. Example. We apply Theorem 10.1 to our usual example, the
space N(0, 2, 1|(2)). It’s easy to see, that the separating graph is ex-
actly one: V = {v0, v1}, Vw = {v1}, V
r = Vb = {v0}, E = E
r =
{(v0, v1)}, ζV ≡ 0.
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